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Abstrat. We onsider a single harmoni osillator oupled to a bath at zero temperature. As is well
known, the osillator then has a higher average energy than that given by its ground state. Here we show
analytially that for a damping model with arbitrarily disrete distribution of bath modes and damping
models with ontinuous distributions of bath modes with ut-o frequenies, this exess energy is less than
the work needed to ouple the system to the bath, therefore, the quantum seond law is not violated. On
the other hand, the seond law may be violated for bath modes without ut-o frequenies, whih are,
however, physially unrealisti models.
PACS. 03.65.Ud Entanglement and quantum nonloality  05.40.-a Flutuation phenomena, random pro-
esses, noise, and Brownian motion  05.70.-a Thermodynamis
1 Introdution
Thermodynamis originally developed as a purely phe-
nomenologial desription of the eets aused by hanges
in temperature, pressure, and volume on physial systems
at the marosopi sale. At the heart of thermodynam-
is there are four well-known laws [1℄; the zeroth law al-
lows us to dene temperature sales and thermometers
while the rst law is nothing else than a generalized ex-
pression of the law of energy onservation. The seond
law introdues the onept of thermodynami entropy,
whih never dereases for an isolated system. The third
law states that as a system approahes the zero tempera-
ture, the entropy of the system approahes zero. Later on,
Boltzmann and his followers reated and developed sta-
tistial thermodynamis by reduing the phenomenolog-
ially desribed thermodynamis entirely to the sheme
of lassial statistial mehanis. When quantum mehan-
is appeared, the statistial thermodynamis had to take
into aount additional fators oered by quantum me-
hanis, but the overall struture of thermodynamis, its
fundamental laws, and its meaning t for marosopi sys-
tems remained unhanged sine quantum mehanis was
believed to play no roles at the marosopi sale.
A big hallenge for thermodynamis arose with the
miniaturization of a system under onsideration [2℄; in
ontrast to ommon quantum statistial mehanis whih
is intrinsially based on a vanishingly small oupling be-
tween system and bath, the nite oupling strength be-
tween them auses some subtleties that must be reog-
a
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nized. Reent advanes in tehnology have enabled us to
experimentally study mesosopi systems and test various
fundamental onepts. The eld of nano eletro-mehanial
systems (NEMS) espeially has emerged with a great po-
tential, e.g., in quantum limit detetion and ampliation
[3,4℄, and welher-Weg (`whih-path') interferometry [5℄.
Here, the eets of dissipative environments that are neg-
ligible in marosopi resonators beome detrimental, and
the noise is, therefore, a major limiting fator in ontrol
of NEMS resonators. Theoretially, NEMS resonators an
be modeled as the simplest form in the sheme of quan-
tum Brownian motion (see [6℄ for fundamental aspets of
quantum Brownian motion). Suh a development in var-
ious elds related to the quantum statistial and meso-
sopi physis has led to onsiderable interest in the area
of quantum and mesosopi thermodynamis, espeially
with the question raised on the validity of the thermo-
dynami laws. Disussions about what is the meaning of
quantum thermodynamis [2,7℄ have started and ontin-
ued up to now.
The validity of the seond law was questioned in the
sheme of quantum Brownian motion [2℄, motivated from
the observation of the fat that a single harmoni osil-
lator oupled to a bath at zero temperature has indeed a
higher average energy value than the unoupled harmoni
osillator ground state (see also [8℄), whih ould not be
in aordane with the seond law in its Kelvin-Plank
form [1℄ that a system operating in ontat with a ther-
mal reservoir annot produe positive work in its surround-
ings (f. for a disussion on the validity of the quantum
third law in the low temperature limit, see, e.g., Refs. [9℄,
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[10℄). However, this argument has been shown to be wrong
by Ford and O'Connell [11℄; by means of the generalized
Langevin equation they showed, for the well-known Drude
model for the spetral density of bath modes, that the ap-
parent exess energy in the oupled harmoni osillator,
however, annot be used to extrat useful work sine the
minimum value of the work to ouple the free osillator to
a bath takes above and beyond this exess energy, there-
fore, the seond law of thermodynamis is inviolate even
in the quantum regime (i.e., for ases with non-negligible
oupling strengths at temperature T = 0 without thermal
utuation). Unfortunately they were unable to expli-
itly onnet their result with its model-independent, deep
quantum origin, thus the validity of the quantum seond
law for a more general form of the spetral density of bath
modes, J(ω) would still remain an open question; atu-
ally, in the experimental study of mesosopi systems one
might be able to manipulate the spetral density J(ω),
to some extent, in his own way. In this paper, we would
like to disuss the seond law for various damping mod-
els. We will rst show the validity of the seond law for a
disrete distribution of bath modes by exatly proving the
seond-law inequality in a simple form obtained from the
general treatment of the suseptibility (see Se. 3). Sub-
sequently, the inequality will be appropriately applied for
various ontinuous distributions of bath modes. It is then
found that for damping models with ut-o frequenies,
the seond law holds, whereas interestingly, we may have
its violation for damping models with ut-o frequeny-
free J(ω), whih are, however, physially unrealisti (see
Se. 4). Let us begin with a brief review on the basis of
the quantum Brownian motion. We will below adopt the
notations used in [12℄.
2 Basis and its general treatment
The quantum Brownian motion in onsideration is de-
sribed by the model Hamiltonian
Hˆ = Hˆs + Hˆb + Hˆsb , (1)
where
Hˆs =
pˆ2
2M
+
M
2
ω20 qˆ
2 ; Hˆb =
N∑
j=1
(
pˆ2j
2mj
+
mj
2
ω2j xˆ
2
j
)
Hˆsb = −qˆ
N∑
j=1
cj xˆj + qˆ
2
N∑
j=1
c2j
2mj ω2j
. (2)
Here, from the hermitiity of Hamiltonian, the oupling
onstants cj are obviously real-valued. Without any loss
of generality, we assume that
ω1 ≤ ω2 ≤ · · · ≤ ωN−1 ≤ ωN . (3)
By means of the Heisenberg equation of motion for pˆ we
an derive the quantum Langevin equation
M ¨ˆq + M
∫ t
0
ds γ(t− s) ˙ˆq(s) + M ω20 qˆ = ξˆ(t) , (4)
where we used pˆ = M ˙ˆq, and the damping kernel and the
noise operator are respetively given by
γ(t) =
1
M
N∑
j=1
c2j
mj ω2j
cos(ωj t) ; ξˆ(t) = −Mγ(t) qˆ(0) +
N∑
j=1
cj
{
xˆj(0) cos(ωj t) +
pˆj(0)
mj ωj
sin(ωj t)
}
. (5)
Introduing the spetral density of bath modes as a har-
ateristi of the bath,
J(ω) = π
N∑
j=1
c2j
2mj ωj
δ(ω − ωj) , (6)
we an express the damping kernel as
γ(t) =
2
M
∫ ∞
0
dω
π
J(ω)
ω
cos(ω t) . (7)
Let us apply the Laplae transform to eq. (4) with the
aid of [13,14℄
L{cos(ωj t)}(s) = s
s2 + ω2j
, (8)
L{sin(ωj t)}(s) = ωj
s2 + ω2j
. (9)
With s = −iω + 0+ = −i(ω + i 0+) we then easily obtain
qˆω := L{qˆ(t)}(−iω + 0+)
= χ˜(ω)
[
ξˆω − iωM{1 + γ˜(ω)} qˆ(0) +M ˙ˆq(0)
]
, (10)
where the Laplae-transformed damping kernel, the dy-
nami suseptibility, and the Laplae-transformed noise
operator are, respetively, given by
γ˜(ω) =
iω
M
N∑
j
c2j
mj ω2j
1
ω2 − ω2j
, (11)
χ˜(ω) =
1
M
1
ω20 − ω2 − iω γ˜(ω)
, (12)
ξˆω =
N∑
j=1
cj
ω2 − ω2j
{
iω xˆj(0)− pˆj(0)
mj
}
−Mγ˜(ω) qˆ(0) .
Substituting (11) into (12), we get
χ˜(ω) =
− 1
M
N∏
j=1
(ω2 − ω2j )
Dχ˜(ω)
, (13)
where
Dχ˜(ω) =
N∏
j=0
(ω2 − ω2j )−
ω2
M
N∑
j=1
c2j
mj ω2j
N∏
j′=1
(6=j)
(
ω2 − ω2j′
)
.
(14)
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It is known [15℄ that the suseptibility χ˜(ω) in (12) has
poles at the normal-mode frequenies of the total system
Hˆ in (1), ± ω¯k with k = 0, 1, 2, · · · , N , so that
ω20 − ω¯2k − i ω¯k γ˜(ω¯k) = 0 . (15)
Here, we might be able to say that a spei k = k0
would represent the system harmoni osillator with the
normal-mode frequeny ω¯k0 , unoupled to the bath on-
sisting of the remaining osillators with ω¯k, where k 6= k0.
From eqs. (12), (13), and (15), we have a ompat expres-
sion of the suseptibility,
χ˜(ω) = − 1
M
N∏
j=1
(ω2 − ω2j )
N∏
k=0
(ω2 − ω¯2k)
. (16)
Without any loss of generality, we here assume that
ω¯0 ≤ ω¯1 ≤ · · · ≤ ω¯N−1 ≤ ω¯N . (17)
The damping funtion γ˜(ω) in the frequeny domain
has, besides eq. (11), another expression whih is suitable
for the ase of a ontinuous distribution of bath modes;
from eqs. (7) and (8) we obtain
γ˜(ω) = iM
∫∞
0
dω′
pi
J(ω′)
ω′
(
1
ω′+ω − 1ω′−ω
)
, (18)
γ˜(ω)
∣∣ ω→
ω+i 0+
= J(ω)M ω +
i
M
∫∞
0
dω′
pi
J(ω′)
ω′ P
(
1
ω′+ω − 1ω′−ω
)
. (19)
We here used the well-known formula 1/(x+i 0+) = P (1/x)−
iπδ(x) for x = ω′−ω. For the simple Ohmi ase J0(ω) =
Mγo ω with an ω-independent onstant γo, we easily have
γ0(t) = 2γo δ(t), and γ˜0(ω) = γo with a vanishing prini-
pal (or imaginary) part in (19), while for the Drude model
where Jd(ω) = M γo ω ω
2
d/(ω
2 + ω2d) with a ut-o fre-
queny ωd, we have γd(t) = γo ωd e
−ωd t
, and
γ˜d(ω) =
γo ω
2
d
ω2 + ω2d
+ i
γo ωd ω
ω2 + ω2d
=
γo ωd
ωd − iω . (20)
For a later purpose, it is interesting to ompare Dχ˜(ω)
in eq. (14) with the denominator of the right hand side in
(16). Then, we an easily nd that
N∑
k=0
ω¯2k =
N∑
j=0
ω2j + γ(0) ;
N∏
k=0
ω¯2k =
N∏
j=0
ω2j . (21)
Here, γ(0) = γ(t)|t=0 ≥ 0 in eq. (5). From this om-
parison of the denominators at ω = ωN , we also ob-
tain Dχ˜(ωN ) ≤ 0 and so ωN ≤ ω¯N . Similarly, we an
aquire both Dχ˜(ω1) ≤ 0 for N odd and Dχ˜(ω1) ≥ 0
for N even, whih lead to the fat that ω¯0 ≤ ω1 for
any given N . Further, we an obtain the relationship,
Dχ˜(ωj) · Dχ˜(ωj−1) ≤ 0 for any j. Therefore, it is found
that
ω¯0 ≤ ω1 ≤ ω¯1 ≤ · · · ≤ ωN−1 ≤ ω¯N−1 ≤ ωN ≤ ω¯N .
(22)
By using Dχ˜(ω0), we an also show that ω¯0 ≤ ω0 ≤ ω¯N
(see also [16℄). Within this general treatment of the sus-
eptibility, we would like to onsider the quantum seond
law below.
3 General validity of the quantum seond
law (disrete bath modes)
The energy of the system osillator Hˆs at zero temperature
an be alulated by means of the partition funtion Z =
Tr e−βHˆ with β = 1/kBT as
〈
Hˆs
〉
T=0
=
Tr
“
Hˆs e
−βHˆ
”
Z
∣∣∣∣
β→∞
=: Es(0) . (23)
It is well-known [7,17℄ that the system-bath entanglement
indued by the oupling term Hˆsb in (1) leads to the fat
that the system osillator Hˆs, initially in a pure state
(here, its ground state with the minimum energy Eg =
~ω0/2), is not in the pure state any longer but in a mixed
state with a utuation in energy, and so we atually have
Es(0) > Eg. It was even disussed in [18℄ that the energy
utuation measurements an provide entanglement infor-
mation (f. for a thermodynamial approah to quantify-
ing entanglement in bipartite qubit states, see [19℄). From
the utuation-dissipation theorem [12℄, we an also easily
obtain
Es(0) =
M~
2π
∫ ∞
0
dω (ω20 + ω
2) Im χ˜(ω + i 0+) . (24)
The fator Im χ˜(ω + i 0+) an be evaluated from eq. (16)
with ω → ω + i 0+. By means of the tehnique used, e.g.,
in [20℄, eq. (24) an be rewritten as
Es(0) =
~
2
1
2πi
∮
dω
ω20 + ω
2
G(ω)
, (25)
where G(ω) = −1/{M χ˜(ω)}, and the integration path
is a loop around the positive real axis in the omplex ω-
plane, onsisting of the two branhes, (∞ + iǫ, iǫ) and
(−iǫ, ∞ − iǫ). Therefore, Es(0) an be exatly obtained
in losed form from the residues evaluated at all zeroes of
G(ω) on the positive real axis. It is also interesting to note
that the entanglement between any pair of the bath osil-
lators Hˆj = pˆ
2
j/2mj +mj ω
2
j xˆ
2
j/2 with j = 1, 2, 3, · · · , N
is indued by the system-bath entanglement and the well-
known entanglement swapping.[21℄ As a result, we must
obtain an exess energy for any j, i.e., 〈Hˆj〉T=0 > ~ωj/2.
However, the energy of the total system, 〈Hˆ〉T=0 =
∑N
k=0 ~ ω¯k/2
is learly not equivalent to 〈Hˆs〉T=0 +
∑N
j=1 〈Hˆj〉T=0 =
〈Hˆs + Hˆb〉T=0.
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The minimum work required to ouple a harmoni os-
illator at temperature T to a bath at the same temper-
ature is equivalent to the Helmholtz free energy of the
oupled total system minus the free energy of the un-
oupled bath [1,11℄. The Helmholtz free energy an be
obtained from the anonial partition funtion Zs(β) =
Tr e−βHˆ/Trb e−βHˆb as F (T ) = −kB T lnZs, where Trb de-
notes the partial trae for the bath alone (in the absene
of a oupling between system and bath, this would exatly
orrespond to the partition funtion of the system only).
By means of the normal-mode frequenies ω¯k the partition
funtion an be rewritten as
Zs(β) =
∏
k=0
∑
nk=0
e−β~ω¯k(nk+
1
2 )
∏
j=1
∑
nj=0
e−β~ωj(nj+
1
2 )
(26)
so that we an easily get, for β →∞,
F (0) =
~
2

 N∑
k=0
ω¯k −
N∑
j=1
ωj

 . (27)
With the aid of eq. (21), it is evidently found that F (0) >
~ωj/2 for any j = 0, 1, 2, · · · , N . Further, we have, from
[22℄,
F (T ) =
1
π
∫ ∞
0
dω f(ω, T ) Im
{
d
dω
lnχ(ω + i0+)
}
,
(28)
where f(ω, T ) = kB T ln{2 sinh(~ω/2 kBT )}. Similarly to
eq. (25), we an obtain an integral form of the free energy
at T = 0,
F (0) =
~
2
1
2πi
∮
dω
ωG′(ω)
G(ω)
. (29)
Here, f(ω, 0) = ~ω/2.
Now, we are in a position to exatly formulate the
quantum seond law within this general treatment; from
eqs. (25) and (29) with (12), we easily nd an expression
K := F (0)− Es(0) = ~
4π
∮
dω
ω2 γ˜′(ω)
G(ω)
, (30)
and, for the validity of the seond law, we have to get
K ≥ 0 for any N (the number of the bath osillators)
and the limit N → ∞. Here, K an exatly be evaluated
from all residues of the integrand on the positive real axis.
Substituting (16) with χ˜(ω) = −1/MG(ω) and (11) into
(30), we obtain, after a fairly lengthy evaluation of the
ontour integration (see Appendix A for details), the exat
result
K =
~
8M
N∑
k=0
Ak , (31)
where
Ak = ω¯k
N∏
j=1
(ω¯2k − ω2j )
N∏
k′=0
(6=k)
(ω¯2k − ω¯2k′)
× (32)
N∑
l=1
c2l
ml ω2l
P
{
1
(ωl + ω¯k)2
+
1
(ωl − ω¯k)2
}
.
Considering eah summand Ak from k = N with keeping
in mind the frequeny relationship in (22), we see that
eah of the summand is non-negative and soK ≥ 0 indeed!
Separately from this result for disrete bath modes, we will
next disuss the seond law for ontinuous bath modes.
For doing this job, we will onsider a ontinuation of the
spetral density J(ω) from its original form in (6).
4 The seond law for ontinuous bath modes
For a disussion of the seond law for a ontinuous distri-
bution of bath modes, we rewrite eq. (30) as
K =
~
4π
(∫ ∞
0
dω
ω2 γ˜′−(ω)
G−(ω)
−
∫ ∞
0
dω
ω2 γ˜′+(ω)
G+(ω)
)
,
(33)
where the subsripts +/− denote the branhes (∞+iǫ, iǫ)
and (−iǫ, ∞− iǫ), respetively, so that
G+(ω) := G(ω)
∣∣ ω→
ω+i 0+
= ω2 − ω20 + i J(ω)M −
ω
M
∫∞
0
dω′
pi
J(ω′)
ω′ P
(
1
ω′+ω − 1ω′−ω
)
, (34)
andG−(ω) := G(ω)
∣∣
ω→
ω−i 0+
= G∗+(ω). Here, we usedG(ω) =
ω2 − ω20 + i ω γ˜(ω) with eq. (19) for γ˜+(ω). Therefore, eq.
(33) easily redues to
K =
~
2π
Im
∫ ∞
0
dω
ω2R′+(ω)
G+(ω)
, (35)
where R+(ω) = −i γ˜+(ω).
First, for the Ohmi ase, (γ˜+)0(ω) = γo, whih is the
prototype for damping, we easily obtain K0 = 0. In fat,
both (Es)0(0) and F0(0) have the logarithmi divergene,
however, the same value, namely,
(Es)0(0) = F0(0) =
~ γo
2pi
∫∞
0 dω
ω (ω2 +ω20)
(ω2 −ω20)2 + (γo ω)2 (36)
(see also the disussion in the last paragraphs of Ses. 4.1
and 4.2). However, the Ohmi model is not so realisti in
its strit form beause the spetral density of bath modes,
J0(ω) = Mγo ω diverges for large frequenies. We there-
fore introdue a ut-o frequeny ωc whih leads to Jc(ω)
deaying smoothly to zero for large frequenies ω > ωc.
We will rst onsider the Drude model, where Jd(ω) is
ILki Kim, Günter Mahler: Quantum Brownian motion and the seond law of thermodynamis 5
polynomially deaying for ω > ωc = ωd, and next a damp-
ing model with Je(ω) being exponentially deaying for
ω > ωc = ωe. For these damping models, we will be able
to show that K > 0. Subsequently, we will also onsider
two dierent damping models without ut-o frequenies
ωc; rst, the extended Ohmi models where the spetral
densities J(ω) diverge polynomially faster than J0(ω), and
seondly, the extended Drude models with Jd,n(ω) diverg-
ing faster or more slowly than J0(ω). Interestingly, we will
observeK < 0 for some of the ut-o frequeny-free damp-
ing models (see Ses. 4.3 and 4.4).
4.1 Drude model (d)
We briey review the seond law in the Drude model
onsidered in [11℄; it is onvenient to adopt, in plae of
(ω0, ωd, γo), the parameters (w0, Ω, γ) through the rela-
tions
ω20 := w
2
0
Ω
Ω+ γ ; ωd := Ω + γ ;
γo := γ
Ω (Ω+ γ)+w20
(Ω+ γ)2 . (37)
Substituting eq. (20) with (37) into eq. (12), we obtain
the suseptibility
χ˜d(ω)
= − 1
M
ω + i ωd
ω3 + i ωd ω2 − (ω20 + γo ωd)ω − i ω20 ωd
(38)
= − 1
M
ω + i (Ω + z1 + z2)
(ω + iΩ)(ω + iz1)(ω + iz2)
, (39)
where z1 = γ/2 + iw1 and z2 = γ/2 − iw1 with w21 =
w
2
0 − (γ/2)2. This gives us (G+)d(ω) = −1/{M χ˜d(ω)}
for eq. (35). By means of eq. (39), we an even obtain
the losed expressions for both (Es)d(0) from (24) and
Fd(0) from (28). We give the detailed derivation of these
expressions in Appendix B, whih will also be used in Se.
4.4. It has been numerially shown in [11℄ that (Es)d(0) in
(65) is atually greater than Eg =
~w0
2
√
Ω
Ω+ γ , and Fd(0)
in (68) is even greater than the (Es)d(0), i.e., Kd > 0.
For a later purpose, we will also evaluate Kd expliitly for
various pairs (ω0, ωd) (see Table 2 in Se. 4.4).
It is noted that in the limit ωd → ∞ (equivalently,
Ω →∞), we have Kd → γpiw0Eg (see Appendix B). From
the omparison between γ˜d(ω) and γ˜0(ω) (or, equivalently,
Jd(ω) and J0(ω)), this result would be interpreted asK0 →
γ
piw0
Eg. However, it is misleading; γ˜d(ω) behaves only for
small frequenies, ω ≪ ωd, like in the Ohmi ase, whih
orresponds to γd(t) → γ0(t) only for large times. A-
tually, γd(t) = γo ωd e
−ωd t
with ωd → ∞ does not re-
due to γ0(t) = 2 γo δ(t) = limωd→∞
2√
pi
γo
√
ωd e
−ωd t2
.
For the evaluation of K, however, all frequenies, 0 ≤
ω < ∞, have to be onsidered. Therefore, we evidently
get limωd→∞ Kd  K0 = 0 .
4.2 Exponentially deaying model (e)
We now onsider a damping model with Je(ω) = M γo ω e
−ω/ωe
whih, in the limit ωe → ∞, learly redues to J0(ω) for
small frequenies. Substituting this into eq. (7), we an
obtain
γe(t) =
2
π
γo ωe
1 + (ωe t)2
. (40)
Applying the Laplae transform [14℄ to eq. (40) with s =
−i ω + 0+, it an be found that
γ˜e(ω) = γo e
−ω/ωe + (41)
i
γo
π
{
eω/ωe E1
(
ω
ωe
)
+ e−ω/ωe Ei
(
ω
ωe
)}
,
(see Appendix C for the detailed derivation). By using
this with E′1(y) = −E0(y) = −e−y/y, we an easily get
(R′+)e(ω) and (G+)e(ω), and then introduing a dimen-
sionless variable λ = ω/ωe, we arrive at the expression
Ke =
~ γo ω
2
e
2 π2
Im
∫ ∞
0
dλ
f1(λ)
f2(λ)
, (42)
where
f1(λ) = λ
2 {eλE1(λ) − e−λEi(λ) + i πe−λ} , (43)
f2(λ) = ω
2
e λ
2 − ω20 −
γo ωe
π
λ {eλE1(λ) + e−λ Ei(λ)}
+ i ωe γo λ e
−λ . (44)
We numerially evaluate the integration in (42) for various
pairs (γo, ωe) to show that Ke > 0 (see Table 1).
From the fat that γ˜e(ω) behaves like in the Ohmi
ase for small frequenies ω ≪ ωe, it is also interesting
to onsider the leading behavior of Ke for ωe →∞; from
eq. (42) we an easily get limωe→∞ Ke =
~ γo
2pi 6= 0, whih
is also dierent from limωd→∞ Kd in Se. 4.1. This on-
rms that these limiting values annot reveal the Ohmi
ounterpart K0.
Table 1. Ke/Eg for various pairs (γo, ωe), where Eg =
~
2
(i.e.,
ω0 = 1); limωe→∞ Ke/Eg = γo/pi.
ωe γo = 0.5 γo = 1 γo = 2 γo = 5
0.5 0.04225 0.08186 0.15604 0.34038
1 0.06130 0.11838 0.22117 0.47348
5 0.10600 0.20348 0.37899 0.81614
10 0.12131 0.23326 0.43819 0.96224
50 0.14414 0.28018 0.54302 1.25567
80 0.14789 0.28896 0.56377 1.32020
∞ 0.15915 0.31831 0.63662 1.59155
4.3 Extended Ohmi models (p)
Let us onsider damping models with Jp(ω) = M γo ω (ω/γo)
p
being polynomially divergent with ω. Clearly, the ase of
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p = 0 is Ohmi. First, we have J1(ω) = M ω
2
. By us-
ing the relationship
∫∞
0 dy e
iky = π δ(k) + i P (1/k), we
an easily obtain γ1(t) = − 2pi P 1t2 , whih leads to no well-
dened γ˜1(ω). This (p = 1) is, therefore, physially not
aeptable. It is not diult to show that the ases of p
being odd are not aeptable.
Next, we onsider the ase of p = 2. It an be shown
that γ2(t) = − 2γo δ′′(t) and (γ˜+)2(ω) = ω
2
γo
− i 2 δ(0)γo ω. By
using this for eq. (35), we an obtain
K2 =
~
2 π
Im
∫ ∞
0
dω
2ω2 {−ω + i δ(0)}
ω3 − i αω2 + i β , (45)
where α = γo +2 δ(0) and β = ω
2
0 γo. The integral in (45)
diverges logarithmially. This divergene is, obviously, from
the fat that both (Es)2(0) and F2(0) diverge logarithmi-
ally, however, dierently from the Ohmi ase, (Es)2(0) 6=
F2(0). In fat, we nd that K2 = − ~pi {δ(0)+γo}×∞ < 0,
whih learly means that the exess energy, (Es)2(0), is
greater than the minimum work (or the work in a re-
versible proess), F2(0), required to ouple a system to
a bath. This violation of the seond law in the reversible
proess may be understood to emerge from a large amount
of the energy oer by the bath with J2(ω) diverging with
ω. The innite value of K2 suggests, however, that this
model would be stritly unrealisti.
4.4 Extended Drude models (d, n)
We now onsider a more general lass of the spetral den-
sity than Jd(ω), whih is
Jd,n(ω) =
(
ω
ωd
)n
Jd(ω) = Mγo
ωn+1
ωn−2
d
(ω2 +ω2
d
)
. (46)
Let us begin with n being odd. First, n = 1. We then have
Jd,1(ω) = Mγo ωd ω
2/(ω2+ω2d), whih onverges to a non-
zero onstant Mγo ωd for large frequenies. Substituting
this into eq. (7), we an obtain, after some alulation (see
Appendix C for details),
γd,1(t) =
γo ωd
π
[ {Ei(ωdt) + E1(ωdt)} sinh(ωdt) −
{Ei(ωdt)− E1(ωdt)} cosh(ωdt) ] . (47)
Applying the Laplae transform [14℄ to this, we an get
(γ˜+)d,1(ω) =
γo ωd ω
ω2+ω2
d
+ i 2pi
γo ωd ω
ω2+ω2
d
ln
(
ω
ωd
)
. (48)
Using eq. (34) with (48), we an arrive at the expression
in (35)
Kd,1 =
~γo
2 π
Im
∫ ∞
0
dλ
g1(λ)
g2(λ)
, (49)
where
g1(λ) = λ
2
[
2λd
pi {(λ2d − λ2) ln
(
λ
λd
)
+ λ2 + λ2d} +
i λd (λ
2 − λ2d)
]
,
g2(λ) = (λ
2 + λ2d)
{
(λ2 − λ20) (λ2 + λ2d) −
2 λd λ
2
pi ln
(
λ
λd
)
+ i λd λ
2
}
. (50)
Here, we introdued a dimensionless variable λ = ω/γo
with λ0 = ω0/γo and λd = ωd/γo. We numerially evaluate
Kd,1 for various pairs (λ0, λd) to show that Kd,1 > 0 (see
Table 2). It is also noted that in the limit λd (or ωd)
→ ∞, the spetral density Jd,1(ω) with γo = ωd redues
to J1(ω) in Se. 4.3 for small frequenies. As was disussed,
however, this ase (d, 1) is a well-dened damping model
whereas the model with J1(ω) is not.
Table 2. Kd pi/γoEg from (71) versus Kd,1 pi/γoEg from (49)
for various pairs (ω0, ωd) with γo = 1, where Eg =
~ ω0
2
; (d, 0)
denotes the Drude model.
(ω0, ωd) (d, 0) (d, 1) (ω0, ωd) (d, 0) (d, 1)
(0.5, 0.5) 0.84275 0.50184 (1, 0.5) 1.21124 0.25468
(0.5, 1) 0.61942 0.45203 (1, 1) 0.45318 0.26521
(0.5, 5) 1.29483 0.34454 (1, 5) 0.61427 0.17800
(0.5, 10) 1.52266 0.24507 (1, 10) 0.73767 0.05454
(5, 0.5) 0.53089 0.02832 (10, 0.5) 0.28968 0.00936
(5, 1) 0.47010 0.04106 (10, 1) 0.27637 0.01345
(5, 5) 0.09790 0.05476 (10, 5) 0.13428 0.02346
(5, 10) 0.09537 0.04976 (10, 10) 0.04792 0.02347
Let n = 3 next. We have J(ω)d,3 = Mγo ω
−1
d ω
4/(ω2+
ω2d). After a straightforward alulation, we will obtain
γd,3(t) = −γd,1(t) − 2 γo
π ωd
P
t2
, (51)
whih indiates that this ase is physially not aeptable.
Similarly, we an also show that all ases for n > 3 being
odd are not aeptable.
Now, let n be even. We an then nd that
γd,2m(t) = (−1)m

γd(t) −
m∑
j=1
γ
{2(j−1)}
0 (t)
ω
2(j−1)
d

 , (52)
where m = 1, 2, · · · , and γ{2(j−1)}0 (t) represent 2(j − 1)-
time derivatives of γ0(t). We begin with a simple ase
(m = 1) with Jd,2(ω) = Mγo ω
3/(ω2 + ω2d). This ase is
partiularly interesting beause Jd,2(ω) diverges for large
frequenies, however, more slowly than J0(ω) for the Ohmi
ase, whereas all Jd,2m(ω) for m > 1 diverge faster than
J0(ω); Jd,2(ω) may be said to be of weak divergene. Due
to the fat that Kd,0 > Kd,1 > 0 seen from Table 2,
we would like to pose a question if we will here obtain
Kd,1 > Kd,2 > 0 = K0 or Kd,1 > 0 ≥ Kd,2. In fat, we
have an interesting relation (γ˜+)d,2(ω) = −γ˜d(ω) + γ˜0(ω)
from eq. (52), and so (R′+)d,2(ω) = −(R′+)d(ω) for eq.
(35). Introduing the parameters (w0, Ω, γ) dened as the
relations
ωd ω
2
0 := Ωw
2
0 ; ωd +γo := Ω + γ ; ω
2
0 := Ω γ +w
2
0 (53)
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(note that these dier from the relations in (37)), we an
easily obtain
(G˜+)d,2(ω) =
ω3 + i (γo + ωd)ω
2 − ω20 ω − i ω20 ωd
ω + i ωd
=
(ω + iΩ) (ω + iz1) (ω + iz2)
ω + iΩw20/(Ω γ + w
2
0)
, (54)
where z1 =
γ
2 + iw1 and z2 =
γ
2 − iw1 with w21 =
w
2
0 − (γ2 )2. By using eqs. (35) and (54), we arrive at the
expression
Kd,2 =
~
2 π
Ωw20
(Ω γ +w20) (Ω γ −Ω2 −w20)
C(w0, Ω, γ)
(55)
where
C(w0, Ω, γ) = γ (w
2
0 −Ω2) 1w1 arctan
2w1
γ +
(Ω2 +w20 −Ω γ) ln(Ω γ +w20) −
2 (Ω2 +w20) lnw0 + 2Ω γ lnΩ . (56)
In ase that w1 is omplex-valued (w0 < γ/2), i.e., for
the overdamped ase, this has to be understood in terms
of the relation,
1
w1
arctan 2w1γ =
1
2 w¯1
ln
(
γ+2 w¯1
γ−2 w¯1
)
, where
w¯
2
1 = (
γ
2 )
2 −w20.
Interestingly enough, we an here observe Kd,2 < 0
(see Fig. 1), whih would allow us to have a violation of
the seond law in the reversible proess for this damp-
ing model. This negativity may be understood from the
omparison, with the aid of the relation (R′+)d,2(ω) =
−(R′+)d(ω), between
Kd,2 =
~
2pi ωd γo × (57)
Im
∫∞
0
dω ω
2
(ω+ iωd) (ω+ iΩ) (ω+ iz1) (ω+ iz2)
with (w0, Ω, γ) in eq. (37) and ωd = Ω + γ, and
Kd = − ~2pi ωd γo × (58)
Im
∫∞
0 dω
ω2
(ω+ iωd) (ω+ iΩ) (ω+ iz1) (ω+ iz2)
> 0
with (w0, Ω, γ) in (53) and ωd = w
2
0Ω/(Ω γ + w
2
0). In
fat, we an also show, by using eq. (28) with (54), that
Fd,2(0) > Fd(0).
Next, we briey onsider the ase of (d, 4). We then
have (γ˜+)d,4(ω) = γ˜d(ω) − γo + (γo ω2 − 2 iγo δ(0)ω)/ω2d
from eq. (52). After a fairly lengthy alulation with this,
we an eventually obtain an expliit expression for Kd,4 =
~
2pi
∫∞
0 dω fd,4(ω), where fd,4(ω) → −2 {δ(0) + ω2d/γo}/ω
for large ω. From this asymptoti form, we easily see that
Kd,4 → −∞, whih indiates the violation of the seond
law. This innity of Kd,4 suggests, however, that this ase
would be stritly unrealisti.
From the above results for ases (d, n) inluding the
ase (p = 2) in Se. 4.3, we may be able to say that aside
for physially unaeptable damping models, the diver-
gene (weak or strit) of the spetral density J(ω) for large
frequenies ould lead to the violation of the seond law.
It is also interesting here to note that Re (γ˜+)d,2(ω) =
γo ω
2/(ω2+ω2d) > 0 and Re (γ˜+)d,4(ω) = γo ω
−2
d ω
4/(ω2+
ω2d) > 0. It is known [23℄ that a violation of the posi-
tivity for Re γ˜+(ω) is tantamount to a violation of the
seond law in the thermodynami limit (where a oupling
strength between system and bath vanishes). We see here,
however, that this positivity would not be a suient on-
dition for the seond law in the quantum regime (with a
non-negligible nite oupling strength between system and
bath).
5 Conlusions
In summary, we have extensively studied the seond law
in the sheme of quantum Brownian motion. It has been
observed that from the system-bath entanglement, a sys-
tem osillator oupled to a bath at zero temperature has
a higher average energy value than the ground state of
an unoupled harmoni osillator. For a damping model
with arbitrarily disrete bath modes and damping mod-
els with ontinuous bath modes with ut-o frequenies,
however, this apparent exess energy has atually been
found to be less than the minimum work to ouple a sys-
tem to a bath. Therefore, the seond law holds in the
quantum regime. We also found, on the other hand, that
the violation of the seond law may happen for some ut-
o frequeny-free damping models, whih are, however,
physially unrealisti; espeially the ase (d, 2) in Se. 4.4,
with a less diverging spetral density of bath modes than
the Ohmi model being the prototype for damping, has a
nitely negative value of Kd,2. The further question about
the validity of the quantum seond law for a broader lass
of quantum systems than the quantum Brownian motion
onsidered here, partiularly non-linear systems oupled
to a bath, learly remains open.
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A : A detailed derivation of eq. (31)
By substituting eq. (16) with χ˜(ω) = −1/MG(ω) and eq. (11) into K in (30), we immediately have
K =
−i~
4πM
∮
dω ω2
N∏
j=1
(ω2 − ω2j )
N∏
k=0
(ω2 − ω¯2k)
N∑
l=1
c2l
2ml ω2l
{
1
(ωl + ω)2
+
1
(ωl − ω)2
}
, (59)
where the integration path over ω is a loop around the positive real axis in the omplex ω-plane, onsisting of the two
branhes, (∞+ iǫ, iǫ) and (−iǫ, ∞− iǫ). By using the residues at all poles ω = ω¯k of the integrand, we an evaluate
the ontour integration. In doing so, we do not have any residue at ω = ω¯k′ when ωl = ω¯k′ . Aordingly, we an nally
obtain
K =
~
4M
N∑
k=0
Ak ; Ak = A(1)k · A(2)k , (60)
where
A(1)k = ω¯k
N∏
j=1
(ω¯2k − ω2j )
N∏
k′=0
(6=k)
(ω¯2k − ω¯2k′)
; A(2)k =
N∑
l=1
c2l
2ml ω2l
P
{
1
(ωl + ω¯k)2
+
1
(ωl − ω¯k)2
}
. (61)
Here, A(2)k is, obviously, positive-valued. Therefore, the non-negativeness of Ak an be ompletely determined by the
fator A(1)k . Keeping in mind the frequeny relationship in (22), we rst onsider A(1)N . This is learly non-negative.
Next, for k = N − 1, we have
A(1)N−1 = ω¯N−1
N−1∏
j=1
(ω¯2N−1 − ω2j )
N−2∏
k=0
(ω¯2N−1 − ω¯2k)
× ω¯
2
N−1 − ω2N
ω¯2N−1 − ω¯2N
. (62)
The rst fator on the right hand side is non-negative, and so is the seond fator whose numerator and denominator
are negative-valued, respetively. Therefore, we get AN−1 ≥ 0. Along the same line, we an straightforwardly show
that eah summand Ak with k = N − 2, N − 3, · · · , 0 is non-negative, whih will yield K ≥ 0.
B : No violation of the seond law in the Drude model
In the Drude model, we an even evaluate the system energy (Es)d(0) and the free energy Fd(0) expliitly and in losed
form. From eq. (39) we see that for w0 > γ/2 (underdamped ase), z1 and z2 are onjugate omplex numbers to eah
other, while for w0 ≤ γ/2 (overdamped ase), both z1 and z2 are real-valued. Therefore, Im {(R′+)d(ω)/(G+)d(ω)} in
(35), and thus the expliit expressions of Kd, for both ases would dier from eah other in parameters (w0, Ω, γ). By
using eq. (39) we an obtain
∫ ∞
0
dω Imχd(ω) =


1
M
(w20 +Ω
2 − γ2/2) arccos(γ/2w0) − γw1 ln(Ω/w0)
w1 (w20 − Ω γ + Ω2)
for w0 > γ/2
1
M
(γ2/2−w20 −Ω2)/2 · ln
(
γ/2− w¯1
γ/2+ w¯1
)
− γ w¯1 ln(Ω/w0)
w¯1 (w20 − Ω γ + Ω2)
for w0 ≤ γ/2
(63)
∫ ∞
0
dω ω2 Imχd(ω) =


1
M
(w40 +w
2
0Ω
2 −Ω2 γ2/2) arccos(γ/2w0) + Ω2 γw1 ln(Ω/w0)
w1 (w20 − Ω γ + Ω2)
for w0 > γ/2
1
M
(Ω2 γ2 − 2w40 − 2w20Ω2)/4 · ln
(
γ/2− w¯1
γ/2+ w¯1
)
+ Ω2 γ w¯1 ln(Ω/w0)
w¯1 (w20 − Ω γ + Ω2)
for w0 ≤ γ/2
(64)
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where w1 =
√
w
2
0 − (γ/2)2 and w¯1 = −iw1.
From eqs. (24), (63), and (64), we have an exat expression
(Es)d(0) =
~
2π
{A(w0, Ω, γ) + B(w0, Ω, γ)} , (65)
where
A(w0, Ω, γ) =


(w20 +Ω
2) (2Ωw21 + w
2
0 γ) − Ω2 γ3/2
w1 (Ω + γ) (w20 −Ω γ + Ω2)
arccos(γ/2w0)
(w20 +Ω
2) (Ω γ2/4 − w30 − w20 γ/2) − Ω γ2/2 · (w20 − Ω γ/2)
w¯1 (Ω + γ) (w20 − Ω γ + Ω2)
ln
(
γ/2 − w¯1
γ/2 + w¯1
) (66)
for w0 > γ/2 and w0 ≤ γ/2, respetively, and
B(w0, Ω, γ) =
Ω γ (Ω2 + Ω γ − w20)
(Ω + γ) (w20 − Ω γ + Ω2)
ln(Ω/w0) . (67)
Similarly, the free energy Fd(0) in eq. (28) an be exatly evaluated as
Fd(0) =


~
2π
{
(Ω + γ) ln
(
Ω + γ
Ω
)
+ γ ln
(
Ω
w0
)
+ 2w1 arccos
(
γ
2w0
)}
for w0 > γ/2
~
2π
{
(Ω + γ) ln
(
Ω + γ
Ω
)
+ γ ln
(
Ω
w0
)
+ w¯1 ln
(
γ/2 − w¯1
γ/2 + w¯1
)}
for w0 ≤ γ/2 .
(68)
Clearly, (Es)d(0) and Fd(0) for the underdamped ase are idential to eqs. (10) and (14) in [11℄, respetively. These
expressions an also be applied for the overdamped ase (w1 6∈ R) with the aid of the omplex-valued expression,
arccos(y) = pi2 + i ln(i y +
√
1− y2) and atually equivalent to those for the overdamped ase derived here. Then, we
an obtain Es(0) < F (0) for both ases (see Fig. 2 in [11℄).
In the limit Ω →∞ (equivalently, ωd →∞), we get from eqs. (65)-(68)
Kd ≈ ~Ω
2π
ln
(
Ω + γ
Ω
)
≈ ~ γ
2π
(
1− γ
2Ω
)
+ O
(
1
Ω2
)
(69)
whih redues to
γ
πw0
Eg =
~ γ
2π
1√
1 + γ/Ω
≈ ~ γ
2π
(
1− γ
2Ω
)
+ O
(
1
Ω2
)
(70)
(f. eq. (15) in [11℄). Lastly, we expliitly give an expliit expression for Kd in original parameters (ω0, ωd, γo),
Kd =
~ γo
2π
∫ ∞
0
dλ
2λ2d λ
5 − (2λ20 + λd)λ2d λ3
{(λ2 + λ2d) (λ2 − λ20) − λd λ2}2 + (λ2d λ)2
, (71)
where a dimensionless parameter λ = ω/γo with λ0 = ω0/γo and λd = ωd/γo. Here, we see that the non-zero value of
Kd for λd →∞ arises from the ompetition between two terms of the numerator of the integrand for large λ. Eq. (71)
is also used in Table 2 for omparison with Kd,1 in eq. (49).
C : Details for eqs. (41) and (47)
In derivation of eq. (41), we used the relationship[24℄ E1(−y ± i 0+) = −Ei(y) ∓ i π, where the exponential integrals
E1(y) =
∫∞
1 dz e
−y z/z and Ei(y) = P
∫ y
−∞ dz e
z/z. Also, for eq. (47), we employed, rst, [25℄∫ ∞
0
dy
cos(a y)
y + b
= − sin(a b) si(a b) − cos(a b) Ci(a b) , (72)
where the sine integral si(y) = − ∫∞y dz sin(z)z = −pi2 + Si(y) with Si(y) = ∫ y0 dz sin(z)z , and the osine integral Ci(y) =
− ∫∞
y
dz cos(z)z = ce+ln y+
∫ y
0
dz cos(z)−1z with the Euler onstant ce = 0.5772156649 · · · ; seondly, we used the relations
Si(iy) = i2{Ei(y) + E1(y)} and Ci(iy) = 12{Ei(y)− E1(y)}+ pi2 i [24℄.
10 ILki Kim, Günter Mahler: Quantum Brownian motion and the seond law of thermodynamis
Referenes
1. H.B. Callen, Thermodynamis and an introdution to ther-
mostatis (2nd ed., John Wiley, 1985).
2. V. pi£ka, Th.M. Nieuwenhuizen, and P.D. Keefe, Phys-
ia E 29, 1 (2005) and referenes therein; D.P. Shee-
han, ed., Quantum limits to the seond law (AIP
Conferene Proeedings, No. 643, 2002); see also
http://www.ipmt-hpm.a.ru/SeondLaw/, Quantum limits
to the seond law of thermodynamis, Open Internet Con-
ferene and Information Center.
3. M.D. LaHaye, O. Buu, B. Camarota, and K.C. Shwab,
Siene 304, 74 (2004).
4. A.A.Clerk, Phys. Rev. B 70, 245306 (2004).
5. A. MaKinnon and A.D. Armour, Physia E 18, 235 (2003).
6. P. Hänggi and G.-L. Ingold, Chaos, 15, 026105 (2005).
7. J. Gemmer, M. Mihel, and G. Mahler, Quantum Thermo-
dynamis (Springer, Berlin, 2004).
8. X.L. Li, G.W. Ford, and R.F. O'Connell, Phys. Rev. E 51,
5169 (1995); K.E. Nagaev and M. Büttiker, Europhys. Lett.,
58(4), 475 (2002).
9. G.W. Ford and R.F. O'Connell, Physia E 29, 82 (2005).
10. P. Hänggi and G.-L. Ingold, Ata Physia Polonia B 37,
1537 (2006).
11. G.W. Ford and R.F. O'Connell, Phys. Rev. Lett. 96,
020402 (2006).
12. G.-L. Ingold, Dissipative quantum systems in Quantum
transport and dissipation (Wiley-VCH, 1998), pp 213-248.
13. Following, e.g., Refs. [6℄, [10℄, [12℄, and [15℄, we adopt the
Laplae transforms for an analysis of the frequeny domain
in this paper, instead of the Fourier transforms whih have
been employed in a series of papers by Ford and O'Connell,
e.g., Refs. [11℄, [9℄, and [22℄. Clearly, both are a priori equally
aeptable to give rise to the same desired physial results
in the end.
14. G.E. Roberts and H. Kaufman, Table of Laplae Trans-
forms (W.B. Saunders, Philadelphia, 1966).
15. A.M. Levine, M. Shapiro, and E. Pollak, J. Chem. Phys.
88, 1959 (1988).
16. G.W. Ford, J.T. Lewis, and R.F. O'Connell, J. Stat. Phys.
53, 439 (1988).
17. U. Weiss, Quantum dissipative systems (2nd ed., World
Sienti, Singapore, 1999).
18. M. Büttiker and A.N. Jordan, Physia E 29, 272 (2005).
19. J. Oppenheim, M. Horodeki, P. Horodeki, and R.
Horodeki, Phys. Rev. Lett. 89, 180402 (2002).
20. N.G. van Kampen, J. Stat. Phys. 115, 1057 (2004).
21. G. Alber, T. Beth, M. Horodeki, et al., Quantum Infor-
mation: An introdution to basi theoretial onepts and
experiments (Sprnger, Berlin, 2001).
22. G.W. Ford, J.T. Lewis, and R.F. O'Connell, Phys. Rev.
Lett. 55, 2273 (1985).
23. J. Meixner, in Statistial mehanis of equilibrium and
non-equilibrium, edited by J. Meixner (North-Holland, Am-
sterdam, 1965), pp 52-68.
24. M. Abramowitz and I. Stegun, Handbook of Mathematial
Funtions with Formulas, Graphs, and Mathematial Tables
(Dover, New York, 1974).
25. I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Se-
ries, and Produts (6th ed., Aademi Press, San Diego,
2000).
Fig. 1: Kd,2/Eg versus x = γ/w0, where the ground
state energyEg =
~
2
√
Ω γ +w20; forΩ = 2w0 (dot), 5w0
(solid), 10w0 (dashed) from top to bottom.
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